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a b s t r a c t

In CaF2 crystal doped with Ni2þ ions, attenuation of all the normal ultrasonic modes with the wave vector
k jjC110D were investigated at 14e161 MHz in the temperature region of 5e120 K. The observed peaks of
relaxation origin were interpreted as manifestation of the Jahn-Teller effect subject to the T1g5ðeg þt2gÞ
problem. The experimental data made it possible to estimate the parameters of adiabatic potential en-
ergy surface: the Jahn-Teller stabilization energies, the linear and quadratic vibronic coupling constants,
location of the saddle points and the global minima defined in the 5-dimensional space of symmetrized
(tetragonal and trigonal) coordinates.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

Traditional methods of investigation of electronic structure,
dynamics and local symmetry of crystals are optical spectroscopy,
electron spin resonance (ESR) and pulse techniques using electron
spin echo (ESE, ESEEM spectroscopy) [1e4]. The same can be said
about investigation of the Jahn-Teller effect (JTE) [5,6] in doped
crystals. Recent studies of substituted II-VI and III-V compounds by
means of ultrasonic technique demonstrated its efficiency in
obtaining important information about structure and properties of
the Jahn-Teller (JT) complexes [7e10]. The experiment is organized
stitute of Physics and Tech-

.

so that a certain wave generates strain of the same symmetry as of
possible active vibronic mode. As a result, the energy of ultrasonic
wave is transmitted to the JT subsystem and additional channel of
dissipation appears. Investigation with the use of different normal
modes grants unique opportunity to indicate unambiguously the
symmetry properties of the global minima of adiabatic potential
energy surface (APES) of the JT complexes. For example, in cubic
crystals, anomalies in velocity and attenuation coefficient of the c44
mode indicate trigonal symmetry, anomalies in the ðc11 �c12Þ=2
mode reveal tetragonal symmetry, and anomalies in both the
modes justify orthorhombic symmetry of the global minima of
APES. Quantitative information about temperature dependences of
velocity and attenuation coefficient makes it possible to estimate
parameters of APES, including the JT stabilization energies, the
linear and quadratic constants of vibronic coupling, position of the
APES extrema points: global minima, barriers between them and
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Table 1
Isothermal contribution of the JT sub-system to the total elastic modulus in a
fluorite-type crystal.

Symmetry of the global minima ½ðc11 � c12Þ=2�TJT ðc44ÞTJT
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their coordinates in the space of symmetrized coordinates ðQw;Qε;

Qx;Qh;QzÞ; [7e10].
The first ultrasonic investigation of the JTE in doped crystal was

done with the use of corundum Al2O3 with the Ni3þ substitution in
octahedral coordination [11]. Most of the substituted II-VI and III-V
crystals recently investigated by ultrasonic technique had zinc-
blende [7e9] or hexagonal [10] structure and incorporated the JT
centers in tetrahedral coordination. Crystals with fluorite structure
have cubic coordination of the JT centers (see Fig. 1) and, to our best
knowledge, only one representative of such crystals was studied in
ultrasonic experiment yet (see Refs. [12] and references therein).

It was SrF2:Cr2þ with the Cr2þ ground orbital triplet 5T2gðt22ge2gÞ.
The position of the Cr2þ ion in cubic coordination in the degenerate

state 5T2g is unstable resulting in the T2g5ðeg þt2gÞ JTE problem
with APES defined in the 5-dimensional space of the tetragonal eg
and trigonal t2g displacements [13]. In the linear approximation of
the vibronic coupling, the dominant interaction with one of these
modes, eg or t2g, results in the tetragonal or trigonal minima of the
APES, respectively. Account of the quadratic vibronic coupling
terms involves both trigonal and tetragonal modes resulting in
orthorhombic minima [6,13,14].

In the present paper, we report the results of investigation of
one more representative of 3d substituted fluorites, CaF2:Ni2þ, and
reconstruction of APES of the cubic JT complex Ni2þF�8 . Nickel-
doped fluorites were studied in Ref. [15,16] but there were Niþ

and Ni2þ ions produced with the help of x-ray irradiation at room
temperature. The first was associated with (NiF4)3- molecular ion
subject to the JTE with big off-center Niþ displacement, the second

occupies Ca position, has ground orbital singlet 4A1g in cubic co-

ordination (see Ref. [15] and references therein) and, therefore,
cannot manifest the JTE.

In our case, Ni2þ ion in cubic coordination has ground orbital

triplet 3T1gðt42ge4gÞ (see Table 1 in Ref. [11]), so the APES as well

should be defined in the five-dimensional space. The questions are:
Fig. 1. Fluorite crystal structure (a) and cubic JT complex (b). Red are fluorine ions, blue
propagation direction of the ultrasonic mode. UðciÞ is the displacement produced by the wa
references to colour in this figure legend, the reader is referred to the Web version of this
what approximation, linear or quadratic, should be used for
description of the APES, what type of symmetry do the global
minima possess, what are the values of the external points of the
APES and where are they located? To answer these questions, we
have measured attenuation of ultrasonic waves at 14e161 MHz in
the temperature region of 5� 120 K. Peak of attenuation was
observed for all the normal modes propagating along the <110>
crystallographic axis: transverse cT ¼ c44 and cE ¼ ðc11 �c12Þ=2
modes and longitudinal mode cl ¼ cB þ cT þ cE=3, where the sub-
scripts T and E indicate the trigonal and tetragonal moduli,
respectively, and the subscript B relates to the bulk (totally sym-
metric) modulus cB ¼ ðc11 þ 2c12Þ=3. The peak was interpreted as
due to relaxation in the sub-system of the JT complexes subject to
the T1g5ðeg þt2gÞ JTE problem. Relaxational anomalies found in
attenuation of both in cT and cE modes pointed out the ortho-
rhombic symmetry of the global minima, therefore, calculations of
the APES parameters were done in the quadratic approximation of
vibronic Hamiltonian.
2. Material and method

Crystals of CaF2 doped with nickel were grown from the melt by
the Bridgman-Stockbarger method in a helium atmosphere in the
A.P. Vinogradov Institute of Geochemistry. Before loading the
are metal ions (Ca), yellow is Ni2þ substitution. k is the wave vector. It indicates the
ve associated with the elastic modulus ci ¼ c44 or (c11�c12)/2. (For interpretation of the
article.)
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mixture into the crucible, the salt of transition metal NiF2 was dried
in vacuum oven for several days. In the growth of alkaline earth
fluorite single crystals, a small amount of CdF2 is generally used as a
scavenger in order to remove oxides and oxyfluorites contained in
the raw materials by the reaction CdF2 þ CaO / CdO þ CaF2. CdO
and CdF2 excess evaporate completely from the melt before crys-
tallization begins. The samples were of high optical quality with no
indication of oxygen contamination.

CaF2 is a cubic crystal of the fluorite type structure ½Pm3mðO3
hÞ�

shown in Fig. 1 a. Its lattice parameter is a ¼ 5:462 Å [17]. Ni ions
substitute Ca and are surrounded by eight fluorine ions in the
corners of the cube (see Fig. 1 b). Concentration of the dopand n ¼
ð1:48±0:03Þ � 1019 cm �3 was determined at the Institute of Solid
State Chemistry using an ELAN 9000 ICP-MS quadruple-based in-
strument (Perkin-Elmer SCIEX). It substantially exceeded the con-
centration of other 3d and 4f elements. The JT complexes can be
considered as non-interacting due to large mean distance between
the Ni2þ impurities.

Ultrasonic experiments were done at the Ural Federal Univer-
sity. Attenuation of the transverse and longitudinal ultrasonic
waves was measured at 14e161 MHz. They were generated and
detected by resonant LiNbO3 piezoelectric transducers. The setup
functioned as a frequency variable bridge. It had square-wave fre-
quency and amplitude modulation and two phase detectors oper-
ating at the modulation frequency of 100 kHz. The outputs of the
detectors were used as feedback signal for frequency bridge bal-
ance and for measuring the amplitude u. Description in detail can
be found in Refs. [12]. The setupmaintained the fixed phase regime.
In this case, temperature variation of the attenuation coefficient
Da ¼ aðTÞ � aðT0Þ introduced as variation of the imaginary part of
the complex wave number k ¼ Rek� ia is given (in neper per cm)
as

Da¼ � 1
[
ln

uðTÞ
u0

; (1)

where uðTÞ is the voltage amplitude at the input of the receiver,
u0 ¼ uðT0Þ is its reference magnitude, T0 is the reference temper-
ature, and [ is the distance covered by the ultrasonic wave.

Identification of the JTE problem can be done by means of
analyzing the experimental data on ultrasonic attenuation of E and
T symmetrized modes. Calculation of the isothermal contribution
cTJT of the JT sub-system to the total elastic modulus c in the fluorite-

type crystal for a triply degenerate orbital electronic statewas given
in Ref. [12] and is presented in Table 1 for the tetragonal and
trigonal moduli. a0 is the initial distance between the fluorine ions
and the impurity (in our case it is Ni), kB is the Boltzmann constant,
FE and FT are tetragonal and trigonal vibronic coupling constants,
respectively.

The relaxation origin attenuation of a normal mode (see, e.g.,
[18]) caused by the JT sub-system is proportional to the appropriate
component of isothermal contribution to the total elastic modulus.
In the dimensionless form, it is given as

ðarelÞb
kb0

¼ � 1
2

ðcbÞTJT
cb0

ut

1þ ðutÞ2
; (2)

where ðarelÞb is relaxational contribution to the total attenuation ab
, subscript b indicates the type of mode and associated modulus
ðb ¼ E;T ;[Þ, u is the cyclic frequency of the wave, t is the relaxation
time, kb0 and cb0 are the reference magnitudes (i.e., defined at T ¼
T0) of the wave number and the total elastic modulus, respectively.
This expression describes the relaxational attenuation peak at
approximately ut ¼ 1. Hence, in accordance with Table 1, absence
of attenuation peak for the trigonal mode justifies tetragonal
symmetry of the global minima of APES (which takes place in the
case of T1g5eg or linear T1g5ðeg þt2gÞ JTE problem), absence of
attenuation peak for the tetragonal mode points out trigonal
symmetry of the global minima (the T1g5t2g or linear
T1g5ðeg þt2gÞ JTE problem), whereas observation of the peaks for
both the modes evidences orthorhombic symmetry of the global
minima (quadratic T1g5ðeg þt2gÞ problem of the JTE). It should be
mentioned that in the last case attenuation peak for the tetragonal
mode should be much smaller in comparison with the peak for the
trigonal mode (it is clearly seen in Table 1).

Eq. (2) indicates that relaxational attenuation vanishes both in
adiabatic ðut[1Þ and isothermal ðut≪1Þ regimes. Here we as-
sume that temperature dependence of 1=ut is more strong than
one proportional to T. Otherwise low temperature attenuation
arelf1=ðkBTutÞ (according to Eq. (2) and Table 1) will exhibit in-
crease approaching T ¼ 0. We do not observe such increase. To
obtain the relaxational contribution ðarelÞb from the total attenua-
tion ab which is measured in experiment, we will introduce ab as
the sum of relaxational ðarelÞb and the background attenuation
ðabÞb caused by all the other mechanisms. Fortunately, at the
investigated temperatures, background attenuation can be
approximated by monotonic function approaching the measured
attenuation abðTÞ at low and high temperatures (i.e., at T≪T1 and
T[T1, where T1 is the temperature corresponding to the condition
utðT1Þ ¼ 1 which approximately is the position of the attenuation
peak in T-scale).

3. Results

As it was mentioned earlier, all the measured normal modes
revealed peak which is well described by Eq. (2). The results of the
experiment for longitudinal and two transverse modes are given in
Fig. 2. Fig. 2a shows typical temperature shift of the relaxational
peak caused by frequency reduction of the wave. Determination of
the symmetry properties of the global minima can not be refer to an
easy procedure. Traditional technique for this aid is EPR (see, e.g.,
Ref. [19e21]. It is based on the analysis of the angle dependence of
the spectrum and actually reveals the symmetry of the static
magnetic field in the position of paramagnetic ion. Ultrasonic
experiment provides information about the dynamic elastic
moduli. In the case of JTE manifestation, relaxation origin anoma-
lies can be observed those are described by the isothermal contri-

bution to the elastic modulus ðcbÞTJT (dependent on symmetry

properties of the APES global minima) and relaxation rate t�1

(dependent on the value of the potential energy barrier). Both of
the methods are absolutely independent and should provide
identic information about the JTE problem. Our experiments
showed that the relaxation type anomaly (peak in temperature
dependence of attenuation) is observed both in c44 and
ðc11 �c12Þ=2 modes. The explicit expressions of the isothermal
moduli are given in Table 1. In case of tetragonal minima we would
observe peak in the ðc11 �c12Þ=2 mode and no anomaly in the c44
mode. In the case of trigonal minima,e vice versa. The case of peaks
in both the modes relates to the orthorhombic type minima. On the
basis of the experimental data, we can state that the minima of the
APES have orthorhombic symmetry and, therefore, we should
consider the quadratic T1g5ðeg þt2gÞ JTE problem.

3.1. Relaxation time

Determination of the relaxation time from the experimental
data requires (i) extraction of the relaxation attenuation caused by
the JT subsystem ðarelÞb ¼ ab � ðabÞb and (ii) calculation of the



Fig. 2. Temperature dependences of ultrasonic attenuation: (a) T-mode c44 measured at 17 and 53 MHz (curves 1 and 2, respectively), (b) E-mode ðc11 �c12Þ= 2 at 54 MHz (curve 4).
Background attenuation was defined as ðabÞT ¼ 4:32� 10�4 � 0:2� 10�3 � T þ 1:19� 10�6 � T3 þ 3:45� 10�9 � T4(curve 3), ðabÞE ¼ �0:02þ 4:2� 10�4 � T þ 2:19381� 10�8 �
T3 þ 10�11 � T4 þ 1:1� 10�15 � T5 þ 6:135� 10�14 � T6 (curve 5), (c) longitudinal modecl ¼ cB þ cT þ cE=3 at 56 MHz (curve 6), and ðabÞl ¼ 10�3 � 10�4 � T þ 4:5� 10�6 � T3

(curve 7).Dab ¼ abðTÞ� abðT0Þ; T0 ¼ 5K:

M.N. Sarychev et al. / Journal of Alloys and Compounds 848 (2020) 1561674
temperature dependence of the relaxation time using the following
expression (see, e.g., Ref. [8]):

tðTÞ¼ 1
u

0
@arelðT1Þ,T1

arelðTÞ,T
±

"�
arelðT1Þ,T1
arelðTÞ,T

�2

� 1

#1=21A; (3)

where T1 corresponds to the condition utðT1Þ ¼ 1. Sign (þ) is taken
for T � T1 and sign (�) is used for T > T1. The subscript b in ðarelÞb is
omitted in Eq. (3) for simplicity. The magnitude of T1 can be ob-
tained from the experimental data as the temperature corre-
sponding to maximum of the curve f ðTÞ ¼ arelðTÞ,T . The
temperature dependence of the relaxation time emerged from Eq.
(3) is shown in Fig. 3. One can see that in the vicinity of attenuation
peak (square symbol) relaxation time measured at transverse and
longitudinal waves exhibits the dependence which is typical for
activation mechanism tafexpV0=kBT .

4. Discussion

In the case of quadratic T5ðeþt2Þ JTE problem, the EE and ET
Fig. 3. Temperature dependence of relaxation time determined with the use of the
data given in Fig. 2 (curves 2, 3, 6, and 7). Circles are experimental data obtained from
the c44 mode at 54 MHz, triangles are experimental data obtained from the cl mode at
56 MHz, and line 1 is activation relaxation time ta ¼ 10�13expð570 =TÞ. The square
symbol indicates tðT1Þ for 54 MHz.
energies defines the depth of saddle points [6].

EE ¼
1
2
F2E
KE

; (4)

ET ¼
2
3
F2T
KT

; (5)

where KE and KT are primary force constants (i.e., evaluated
without account of vibronic interaction). The orthorhombicminima
lie below the lowest saddle point (calculations indicate it as ET ) by
the magnitude of the energy barrier which approximately equals
activation energy V0 butmore accurate calculation requires account
of zero vibrations energy:

EOR ¼ ET þ V0 þ
1
2
ZuR; (6)

where uR is the radial vibronic frequency. Optical absorption
spectra [22] indicated strong trigonal distortion of the JT complex in
CaF2:Ni2þ and CdF2:Ni2þ crystals. EPR investigation of CdF2:Ni2þ

[22] revealed the trigonal vibrations as dominant with respect to
the tetragonal ones, but it was outlined that coupling with the
tetragonal vibrations cannot be neglected. Thus, the value of
trigonal vibronic frequency 145 cm�1 (Table 12 in Refs. [22]) we
assume as approximate value of uR. The force constant KT is defined
by the product of u2

t and the reducedmass of the NiF8 complexM ¼
ðmNi:8mFÞ=ðmNi þ 8mFÞ. The force constants KE and KT describe
elastic energy of the JT complex (in our case of E and T type) as a
function of deformations given in the length units. Elastic moduli
ðc11 �c12Þ=2 and c44 describe the density of the free energy (its
elastic part) of a crystal of the same symmetry but deformations are
expressed in dimensionless form. From physical point of view the
force constant and the elastic modulus of the same symmetry are
native parameters. Since the primary force constants entering the
expressions for the JT stabilization energy are defined without ac-
count of the JTE, we considered the relations between the force
constants approximately equal to the relation between the elastic
moduli of the same symmetry. In case of JT complex represents the
unit cell, this relation should be absolutely correct. In our case, the
JT complex is only a part of the unit cell, so the equality is
approximate. In theoretical calculations KE and KT are assumed
very often as equal. We considered that the assumption ðc11 � c12Þ=



Table 2
Positions of six orthorhombic minima in coordinates ðQw;Qε;Qx;Qh;QzÞ.

Qw Qε Qx Qh Qz

QOR
1 QOR

0w
0 0 0 QOR

0z

QOR
2 QOR

0w
0 0 0 � QOR

0z

QOR
3

�
1
2
QOR
0w

ffiffiffi
3

p

2
QOR
0w

0 QOR
0z

0

QOR
4

�
1
2
QOR
0w

ffiffiffi
3

p

2
QOR
0w

0 � QOR
0z

0

QOR
5

�
1
2
QOR
0w

�
ffiffiffi
3

p

2
QOR
0w

QOR
0z

0 0

QOR
6

�
1
2
QOR
0w

�
ffiffiffi
3

p

2
QOR
0w

� QOR
0z

0 0

Table 3
Positions of three tetragonal saddle points in coordinates ðQw;Qε;Qx;Qh;QzÞ; where
QE
0 ¼ FE=KE .

QE
1 QE

2 QE
3

QE
0 ð1;0;0;0;0Þ QE

0

 
� 1

2
;

ffiffiffi
3

p

2
;0; 0;0

!
QE
0

 
� 1

2
; �

ffiffiffi
3

p

2
;0; 0;0

!

Fig. 4. Area of orthorhombic minima of the APES is restricted by the lines (A ¼ � 1,
curves 1 and 2) and (A ¼ 1, curves 3 and 4). Solutions of Eq. (14) for A=B>0 are given
by the square symbols and for A=B<0 are the triangles.
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2c44zKE=KT is more reasonable than KEzKT . However, the
advantage of such approach hardly can be estimated accurately.
Thus,

KT ¼u2
tM; (7)

KE ¼
ðc11 � c12Þ

2c44
KT : (8)

We have taken the following data for calculating the force
constants: c44 ¼ 3:58� 1011 dyn/cm2 and
ðc11 �c12Þ=2 ¼ 5:9� 1011 dyn/cm2. As a result KT ¼ 5:28� 104

dyn/cm and KE ¼ 8:71� 104 dyn/cm. Positions of orthorhombic
global minima can be calculated introducing the dimensionless
parameters [14].

A¼ WETffiffiffiffiffiffiffiffiffiffiffi
KEKT

p ; (9)

B¼WETFE
KEFT

; (10)

where WET is the quadratic vibronic coupling constant. Obviously,

WET ¼A
ffiffiffiffiffiffiffiffiffiffiffi
KEKT

p
: (11)

The values of A and B are defined by the equation

EOR
EE

¼
ðA=BÞ2 � ðA=BÞAþ 1

.
4�

1� A2
� ; (12)

The parameters A and B corresponding to global minima of
orthorhombic symmetry are restricted by the areas bordered by
Table 4
Positions of four trigonal saddle points in coordinates ðQw;Qε;Qx;Qh;Q

QT
1 QT

2

QT
0 ð0;0; 1;1;1Þ QT

0 ð0;0; � 1;1; � 1Þ
B ¼
�
� 2A2±2A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
�
1� A2

�r �	�
3� 4A2

�
; B<0 or B>1;

(13)

B¼2A2 ±
2
3
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
�
1� A2

�r
;

ffiffiffi
3

p 	
3� 1 < B < 1: (14)

Positions of the first orthorhombic minima is defined as follows

QOR
1 ¼

 
�

FE
�
B� 2A2

�
2KEB

�
1� A2

�;0;0;0;
 
� FTð2� BÞ
2KT

�
1� A2

�
!
; (15)

The other five can be obtained according to Table 2. Coordinates
of the saddle points are given in Table 3 and 4

In the case of quadratic T5ðeþt2Þ JTE problem, the linear
vibronic coupling constants can be calculated with the help of Eq.
(2) written with the use of isothermal moduli listed in the last line
of Table 1 and for the condition ut ¼ 1 (i.e., for T ¼ T1) [12]:

F2E ¼288
cE0kBT1
na20

½arelðT1Þ�E
kE0

; (16)

F2T ¼9
cT0kBT1
na20

½arelðT1Þ�T
kT0

; (17)

where a0 ¼ ð
ffiffiffi
3

p
=4Þa ¼ 2:36 Å.

Typical error of attenuation measurements is 5%. The squared
vibronic constants given by Eqs. (16) and (17) as well as stabiliza-
tion energies [Eqs. (4)e(6)] are proportional to attenuation coeffi-
cient. The other variables entering these expressions are more
accurate. Therefore, we can assume 5% as the error for evaluation of
zÞ; where QT
0 ¼ 2FT=ð3KT Þ.

QT
3 QT

4

QT
0 ð0;0; 1; � 1; � 1Þ QT

0 ð0;0; � 1; � 1; 1Þ



Table 5
Parameters of the APES obtained from ultrasonic experiment for the cases FE ; FT > 0 and FE > 0; FT < 0.

FE ;dyn FT ;dyn WET ;dyn=cm EE ;cm�1 ET ;cm�1 EOR;cm�1 QE
0 ;
�A QT

0 ;
�A QOR

0w ;
�A QOR

0z ;
�A

1:9�
10�4

±1:2� 10�4 H3:3� 104, ±5:9� 104 350 880 1290 0.125 ±0:15 � 0:20, 0.34 ±0:35, ±0:59
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the APES parameters.
Fig. 4 shows solutions of Eq. (12) for two cases: A= B< 0 and A=

B>0. All of them are located in the region of orthorhombic minima
which is restricted by the areas (A ¼ �1 and curves 1 and 2) and
(A ¼ 1 and curves 3 and 4). For A=B>0 we have A1 ¼� 0:49; B1 ¼
�0:36 and A2 ¼ 0:86; B2 ¼ 0:63;while for A=B<0 the parameters
are A3 ¼ �0:86; B3 ¼ 0:63 and A4 ¼ 0:49; B4 ¼ � 0:36. The
results ðA1;B1Þ and ðA4;B4Þ seem to bemore reliable with respect to
ðA2;B2Þ and ðA3;B3Þ since they provide smaller values of jWET j ¼
3:3� 104 dyn/cm,




QOR
0w




 ¼ 0:20 Å and



QOR

0z




 ¼ 0:35 Å (the last two

pairs give jWET j ¼ 5:9� 104 dyn/cm,



QOR

0w




 ¼ 0.34 Å and



QOR

0z




 ¼
0:59 Å).

The results of calculations based on the experimental data for
ðA1;B1Þ and ðA4;B4Þwith the assumption FE >0 are given in Table 5.

5. Conclusions

In our investigation, we have studied manifestation of the JTE in
the fluorite type crystal, CaF2, doped with Ni2þ ions by means of
ultrasonic technique. Temperature dependence of attenuation of all
the normal ultrasonic modes propagating along crystallographic
direction C110D were measured at 14e161 MHz in the region of
5e120 K. The observed peaks of relaxation origin were interpreted

as due to relaxation in the sub-system of JT complexes Ni2þF�8
subject to the T1g5ðeg þt2gÞ JTE problem. Temperature dependence
of relaxation time was constructed and activation energy was
evaluated from this dependence. The relaxation peak of attenuation
registered for all the investigated normal ultrasonic modes indi-
cated the orthorhombic symmetry of the APES. The parameters of
extrema points of the APES (minima and saddle points) were
estimated. Namely, JT stabilization energies, the linear and
quadratic vibronic coupling constants, and location of saddle points
and global minima defined in the 5-dimensional space of symme-
trized (tetragonal and trigonal) coordinates.
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