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The temperature dependences of attenuation and the velocity of ultrasonic waves at frequencies of 26–
158 MHz in a CaF2 f luorite crystal at the substitution of Jahn–Teller Cr2+ centers for calcium ions have been
studied. An abnormally high relaxation rate, which is two orders of magnitude higher than the relaxation rate
in other previously studied CaF2:Ni2+ and SrF2:Cr2+ f luorites, has been found in the system of Jahn–Teller
complexes in the low-temperature region. It has been shown that the global minima of the adiabatic potential
energy surface of the Cr2+  complexes in the CaF2:Cr2+ crystal also have orthorhombic symmetry but are
separated by significantly lower potential energy barriers than in CaF2:Ni2+ and SrF2:Cr2+ crystals. It has
been found that tunneling relaxation mechanisms (direct and two-phonon transitions) are dominant, rather
than thermal activation, in CaF2:Cr2+ in the temperature range where the Jahn–Teller effect is manifested in
an ultrasonic experiment. The parameters characterizing these relaxation mechanisms have been determined.
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The Jahn–Teller (JT) effect [1] has a significant
impact on the structure and physical properties of
polyatomic systems. It is considered (or analogies are
found in the description) in the course of studies of
multiferroics [2–4], fullerenes [5, 6], magnets [7],
superconductors [8], perovskites [9, 10], bilayer
graphenes [11], and other systems [12, 13]. In solids,
the Jahn–Teller effect can be manifested in two ver-
sions: as a cooperative effect, where Jahn–Teller cen-
ters are embedded in the crystal lattice, or be observed
in a system of noninteracting JT complexes formed by
vacancies or low-concentration impurities. In the lat-
ter case, crystals with the substitution of  ions for
cations are most often studied. Doped crystals are
mainly studied by optical or magnetic resonance
methods [14–19]. This is due, on one hand, to their
application in optoelectronics and spintronics and, on

the other hand, to the presence of experimental com-
plexes for such studies produced by well-known firms.
Ultrasound studies in the frequency range about
108 Hz and higher are performed on single original
setups, and therefore the number of such works is
much less. At the same time, they make it possible to
obtain information about the objects under study that
is not available by other methods. Recently, the meth-
ods have been developed that make it possible to use
ultrasonic experimental data to determine the symme-
try properties of the extrema of the lower sheet of the
adiabatic potential energy surface (APES) of JT com-
plexes, vibronic coupling constants (linear and qua-
dratic), and positions of extrema in the system of
symmetrized coordinates, as well as to study the
dynamic properties of JT complexes: relaxation times
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Fig. 1. (Color online) Temperature dependences of the
(curves 1 and 3) real and (2 and 4) imaginary parts of
Δc/c0 = c(T)/c0 – 1, where c(T) = 
is the elastic modulus measured at a frequency of  =
54 MHz and . Curves 1 and 2 refer to the
doped CaF2:Cr2+ crystal, whereas curves 3 and 4 corre-
spond to nominally pure CaF2. Squares correspond to the
modulus values at the temperature , at which

.

= + +11 12 44( 2 )/2Lc c c c
ω π/2

= →0 ( 0)c c T

= 1T T
ωτ = 1
and the relaxation mechanisms defining them in cubic
[20, 21] and hexagonal crystals [22].

One of the most studied  ions is Cr2+. It has the
 orbital term in the tetrahedral and cubic

coordination (see Table 1 in [14]). According to the
EPR data, the global APES minima of Cr2+ centers
have tetragonal symmetry in the tetrahedral coordina-
tion [23–26] and orthorhombic or tetragonal symme-
try in the cubic coordination [17, 18, 27–31].

Jahn–Teller Cr2+ centers were studied in ZnSe
[32], CdSe [22], and SrF2 matrices using the ultra-
sonic method [33, 34]. The APES parameters and the
vibronic coupling constants were determined in these
crystals, and the temperature dependences of the
relaxation time were plotted. In addition, it was estab-
lished that the dominant relaxation mechanism is
thermal activation in the region of the attenuation and
ultrasound velocity anomalies associated with the
manifestation of the JT effect. It was also shown that
tunneling mechanisms (direct and two-phonon tran-
sitions) are switched on at low temperatures; however,
reliable quantitative data characterizing these mecha-
nisms could not be obtained because of their small
contribution far from the JT anomalies, i.e., in the
region  (ω is the circular frequency of the ultra-
sonic wave and τ is the relaxation time of the system of
JT complexes).

Since the relaxation processes of the  com-
plex in the CaF2 matrix have not yet been studied, we
measured the temperature dependences of the attenu-
ation coefficient and phase velocity of all normal
modes propagating in the [110] direction in the
CaF2:Cr2+ crystal with the chromium impurity con-

centration  cm–3 at frequencies of 26–
158 MHz.

The measurement results were unexpected: the
anomalies associated with the JT effect in this crystal
appeared at much lower temperatures than in other
studied f luorites SrF2:Cr2+ [34] and CaF2:Ni2+ [21].
Thus, a unique opportunity has emerged for the quanti-
tative study of tunneling relaxation mechanisms. How-
ever, new difficulties arose: the previously used
method [20] for constructing the temperature depen-
dence of the relaxation time  turned out to be
inapplicable because of the uncertainty of the low-
temperature attenuation limit and the ultrasound
velocity (it can be seen in Fig. 1 that it is impossible to
determine the values of curves 1 and 2 in the limit

). These values are necessary to determine the
relaxation contributions, which are used to calculate
the temperature dependence of the relaxation time.
For this reason, we developed a new approach to an
ultrasonic experiment and data processing in the study
of the JT effect; this approach allowed the first study
of tunneling relaxation mechanisms of JT complexes
in the CaF2:Cr2+ f luorite crystal as an example.
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Our consideration assumes the description of the
space and time dependences of oscillating variables as

; in this case, the complex wave vec-
tor is defined as . It is more conve-
nient to conduct further discussion in terms of
dynamic (frequency-dependent) complex elastic
moduli c, whose changes are associated with changes
in the phase velocity  and attenuation coefficient α of
normal modes as follows [20]:

(1)

where , , , 
, , , ,

and  is a fixed temperature. The relaxation contribu-
tion to the dynamic elastic modulus, in our case the JT
contribution , is described using the isothermal
modulus  and time dispersion factor :

(2)

We studied the tetragonal ( ),
trigonal ( ), and longitudinal (

) elastic moduli. These moduli in the
above formulas are associated with transverse, polar-
ized along the  and [001] axes, and longitudinal
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Fig. 2. (Color online) Relaxation time versus the inverse
temperature. Curves 1 and 2 are calculated by Eq. (4) with
the experimental data on the imaginary parts of the elastic
modulus  for a frequency of (1) 54
and (2) 158 MHz. Curve 3 is the relaxation time calculated

by the formula , curve 4 is

, curve 5 is , and

curve 6 is . The square and the tri-

angle correspond to  for a frequency of 54 and
158 MHz, respectively.
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modes propagating along the [110] crystallographic
axis, respectively. The contribution of the JT subsys-
tem to the elastic moduli is manifested as a peak in the
imaginary part and a minimum in the real part in the
temperature range  (  satisfies the condition

). We note that isothermal moduli are
inversely proportional to temperature (see, e.g., [14]);
therefore, the position of the relaxation attenuation
peak, strictly speaking, does not coincide with , but
the  value can be determined by the maximum of the
function  or zero of its deriv-
ative . In view of this circumstance, Eq. (2) can
be represented in the form

(3)

To obtain the JT (relaxation) contribution to the
imaginary part of the elastic modulus, it was assumed
in previous works (see, e.g., [21]) that the background
modulus (the contribution of mechanisms other than
the JT effect) can be represented as a monotonic func-
tion coinciding with that measured at high ( )
and low ( ) temperatures. Obviously, this
approach can be applied if the attenuation relaxation
peak is well resolved. However, it occurred that the
low-temperature limit was not reached in the
CaF2:Cr2+ crystal and the attenuation relaxation peak
was not fully measured at . Figure 1 shows the
temperature dependences of the relative changes in the
real and imaginary parts of the modulus  obtained at
a frequency of 54 MHz (curves 1 and 2). Qualitatively
similar dependences were obtained for all studied
moduli. The determination of the relaxation contribu-
tion required the measurement of the real and imagi-
nary parts of the moduli on a nominally pure CaF2
crystal (see curves 3 and 4 in Fig. 1). The relaxation
contribution to the imaginary part of the modulus was
determined under the assumption that this contribu-
tion at high temperatures (in our case, above 170 K)
tends to zero because of a small value of  and pro-
portionality of the isothermal modulus to the inverse
temperature , and the contribution to the real part
of the modulus is obtained from the condition

. The temperature depen-
dences of the relaxation time  calculated by the
expression [20]

(4)

for different moduli and different frequencies coin-
cided in the temperature range below 10 K, as it should
be, and did not coincide at higher temperatures
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(Fig. 2, curves 1 and 2). Moreover, they turned out to
be nonmonotonic functions.

A significant difference in relaxation times at tem-
peratures above 10 K for frequencies of 54 and
158 MHz (curves 1 and 2 in Fig. 2) can be due to the
presence of other subsystems experiencing relaxation.
Figure 1 shows that the dependence of the imaginary
part of the elastic modulus in the CaF2:Cr2+ crystal
(curve 2) has a “shoulder” in the temperature range
near 20 K, apparently due to one or more relaxation
contributions, while Eq. (4) was obtained under the
assumption that only one relaxing subsystem is pres-
ent. The analysis of the composition of the crystal
studied using an ELAN 9000 ICP-MS (PerkinElmer
SCIEX) instrument showed that there is only one
impurity comparable to chromium in concentration,
namely, an iron impurity (its concentration was 3.45 ×
1018 cm–3). However, the isovalent substitution of iron
for calcium would lead to the  problem of the JT
effect, i.e., to the tetragonal distortions of the com-
plex, and, as a consequence, to the absence of anoma-
lies in the trigonal modulus . Jahn–Teller anomalies
are observed in all moduli in our experiments. Thus,
the global APES minima have orthorhombic symme-
try, which is possible only in the case of the T term.
The shoulder on curve 2 (Fig. 1) is possibly due to the

⊗E e
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Fig. 3. (Color online) Temperature dependences of the relax-
ation JT contribution to the (1) real and (2) imaginary parts of
Δc/c0 = c(T)/c0 – 1, where c(T) = 
is the elastic modulus measured at the frequency  =
54 MHz and c0 = c(T = 170 K). Curves 3 and 4 are model
dependences calculated by Eq. (3) with the relaxation time
shown by curve 6 in Fig. 2.

= + +11 12 44( 2 )/2Lc c c c
ω π/2
presence of Cr3+ ions or vacancies with triple degener-
ate orbital states, which can lead to anomalies in elastic
moduli caused by the JT effect. Therefore, it was
required to determine the true temperature depen-
dence of the relaxation time of the system of JT Cr2+

complexes in the CaF2 matrix.

To this end, we simulated the temperature depen-
dence of the relaxation time taking into account three
mechanisms: thermal activation ,
direct  and two-phonon 
tunneling transitions. The consideration of these
mechanisms was proposed by Sturge [14] in the first
ultrasound studies of the JT effect. The criterion for
the correct selection of the parameters appearing in
the expressions for different mechanisms of the relax-
ation time was the coincidence of the model, calcu-
lated using Eq. (3), and the experimental temperature
dependences of the real and imaginary parts of all
measured elastic moduli in the temperature range
below 10 K for all measured frequencies:  (26, 54,
and 158 MHz),  (39 MHz), and  (55 MHz). Thus,
the description of  should be not only qualitative
but also quantitatively unified for all ten measured
curves. An example of model curves for the modulus

 obtained at a frequency of 54 MHz is given in Fig. 3
(curves 3 and 4). During the simulation, the activation
mechanism was always described by the relaxation
time , and other parameters

−
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were in the intervals of  s K and

 s K3. The error in deter-
mining the parameters of tunneling relaxation mecha-
nisms did not exceed 10%. This is undoubtedly a good
result, especially because tunneling relaxation mecha-
nisms formed only the low-temperature wings of
anomalies and their parameters could not be estab-
lished in previous studies with good accuracy because
of a small contribution to the elastic moduli. The esti-
mate  K is due to the following: at a lower
activation energy , the predominant relaxation
mechanisms would become tunneling mechanisms
not only in the low-temperature region but also at

, which is physically unreal, and at  K,
JT anomalies would be shifted to the region of higher
temperatures than is observed in the experiment.

To summarize, the study of the propagation of
ultrasonic waves at frequencies of 26–158 MHz in the
CaF2:Cr2+ crystal at low temperatures, where tunnel-
ing relaxation mechanisms dominate, has revealed for
the first time an anomalously high relaxation rate, two
orders of magnitude higher than the relaxation rate in
other previously studied JT complexes. A new method
has been developed to plot the temperature depen-
dence of the relaxation time for the dominant subsys-
tem. It is based on the simulation of the temperature
dependences of the real and imaginary parts of the
elastic moduli taking into account the activation and
tunneling relaxation mechanisms. Parameters that
characterize the relaxation times of the JT subsystem
caused by direct tunneling transitions and two-pho-
non transitions have been determined for the first
time:  s K and 
0.1) × 10–6 s K3, respectively. The tunneling relaxation
mechanisms in the CaF2:Cr2+ crystal turned out to be
dominant, since the activation energy determining the
potential energy barrier was significantly lower (
125 K = 87 cm−1) than that in other f luorites, where
this parameter was 390 K = 271 cm–1 for SrF2:Cr2+

[34] and 570 K = 396 cm–1 for CaF2:Ni2+ [21].
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